In this article, the author obtain some generalization on HermiteHadamard-like type inequalities which gives an new estimate between for functions whose second derivatives in absolute value at certain powers are, respectively, convex and concave.
Introduction
Recall that a function f : I ⊆ R → R is said to be convex on I if the inequality f (tx + (1 − t)y) ≤ tf (x) + (1 − t)f (y) (1) holds for all x, y ∈ I and t ∈ [0, 1], and f is said to be concave on I if the inequality (1) holds in reversed direction.
Many inequalities have been established for convex functions but the most famous is the Hermite-Hadamard inequality, due to its rich geometrical significance and applications, which is stated as follow:
Let f : I ⊆ R → R be a convex function define on an interval I of real numbers, and a, b ∈ I with a < b. Then the following double inequalities hold:
Both inequalities hold in the reversed direction if f is concave.
It was first discovered by Hermite in 1881 in the Journal Mathesis. This inequality (2) was nowhere mentioned in the mathematical literature untill 1893. In [1] , Beckenbach, a leading expert on the theory of convex functions, wrote that the inequality (2) was proved by Hadamard in 1893. In 1974, Mitrinovič found Hermite and Hadamard's note in Mathesis. That is why, the inequality (2) was known as Hermite-Hadamard inequality. We note that Hermite-Hadamard's inequality may be regarded as a refinements of the concept of convexity and it follows easily from Jensen's inequality. This inequality (2) has been received renewed attention in recent years and a remarkable variety of refinements and generalizations have been found in [2] - [17] .
In recent paper [14] , Tseng et. al established the following result which gives a refinement of (2):
where f : [a, b] → R is a convex function.
In [9] , Latif established some new Hadamard-type inequalities for whose derivatives in absolute values are convex:
for some fixed q ≥ 1, then the following inequality holds:
Here, if we choose x = a+b 2 in (4), we have some Hermite-Hadamard inequalities which gives an estimate between
for functions whose derivatives in absolute value are convex. Here we recall the definitions of the Gamma function
and the Betta function
Note that
The integral form of the hypergeometric function is defined by
In this article, a new general identity for continuously twice differentiable functions is established. By making use of this equality, author has obtained new estimates on generalization of Hermite-Hadamard-like type inequalities for functions whose second derivatives in absolute value at certain powers are convex and concave.
Main results
In this section, for the simplicity of the notation, let
for any x ∈ [a, b].
In order to prove our main results, we need the following lemma:
, where a, b ∈ I with a < b. Then, for any x ∈ [a, b] we have the following identity:
Proof. By integration by parts, we can state
By similar way we get
By the equalities (5) and (6), we get the desired result.
, we have:
where
Proof. From Lemma 1, we have
Since | f | is convex on [a, b], we have:
Here, note that
and
By substituting (12) and (13) in (11), we have:
By substituting (10) and (14) in (9), we have the desired result (8) .
By substituting (16) and (17) in (15), we get
By substituting (18) and (19) in (9), we have the desired result (8).
Proof. From Lemma 1 and using the well-known Hölder integral inequality, we have
, we have: , we have: , we have:
By substituting the above equalities (b):(i)-(ii) and the above inequalities (b):(iii)-(iv) in (22), we have the desired result (21).
By substituting the above equalities (a):(i)-(ii) and the above inequalities (a):(iii)-(iv) in (27), we have the desired result (25).
(b) For x > a+b 2 , we have:
By substituting the above equalities (b):(i)-(ii) and the above inequalities (b):(iii)-(iv) in (27), we have the desired result (26).
Proof. Suppose that q ≥ 1. From Lemma 1 and using the well-known power-mean integral inequality, we have
By substituting the above equalities (a):(i)-(ii) and the above inequalities , we have: , we have:
Proof. From Lemma 1 and using the well-known Hölder inequality fot q > 1 with 
